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Abstract A modification of the Townsend-Perry attached eddy model is derived inorder to reproduce a more realistic variation of
the integral length scale. A new wavenumber range is introduced to the model at wavenumbers smaller than the Townsend-Perryk−1

spectrum. This necessary addition can also account for the high Reynolds number outer peak of the turbulent kinetic energy in the
intermediate layer. An analytic expression is obtained for this outer peak in agreement with extremely high Reynolds number data
by Hultmark et al. [3, 4]. The finding of Dallaset al. [1] that it is the eddy turnover time and not the mean flow gradient which
scales with distance to the wall and skin friction velocity in the intermediate layer implies, when combined with Townsend’s (1976)
production-dissipation balance, that the mean flow gradient has an outerpeak at the same location as the turbulent kinetic energy.

INTRODUCTION

Townsend developed a well-known attached-eddy model [6] for pipe/channel and turbulent boundary layer (TBL) flows
to predict the profile with distance from the wall of the turbulent kinetic energy (TKE). For wall distances much larger
than the wall unitδν and much smaller than, say, pipe radiusδ, the turbulent kinetic energy scales with the square of the
wall friction velocity uτ and decreases logarithmically with distance to the wall. However, measurements in turbulent
boundary layers dating from about twenty years ago (see [2])as well as more recent Nano Scale Thermal Anemometry
Probe (NSTAP) data obtained in the Princeton Superpipe [4])show that an outer peak appears in the mean square fluctuat-
ing streamwise velocity at distances from the wall between about100δν and800δν when the turbulent Reynolds number
Reτ = δ/δν is large enough. Such non-monotonic behaviour in regions where the mean flow is monotonically increasing
is hard to account for in current turbulence models and theory. Starting with the spectral model of [5] there have been
numerous developments and extensions of the attached eddy model but none has accounted for the outer peak in turbulent
kinetic energy. Moreover, this model predicts that the integral-scale varies logarithmically with wall distance, which is
too weak to be in agreement with several observations. The only way to repair this model without removing its attached
eddy part is to introduce a fourth large scale range in the model.

MODEL AND RESULTS

We consider a model of the streamwise energy spectrumE11(k1, y) with the following four ranges (see [7] for more
details): (i)k1 < 1/δ∞ whereE11(k1) ≈ C∞u2

τδ with a constantC∞ independent of wavenumber; (ii)1/δ∞ < k1 <
1/δ∗ whereE11(k1) ≈ C1u

2
τδ(k1δ)

−m where0 < m < 1 andC1 is also a constant independent of wavenumber; (iii)
1/δ∗ < k1 < 1/y whereE11(k1) ≈ C0u

2
τk

−1
1 whereC0 is a constant independent of wavenumber,y andReτ (the

‘attached eddy’ range); (iv)1/y < k1 whereE11(k1) has the Kolmogorov formE11(k1, y) ∼ ǫ2/3k
−5/3
1 gK(k1y, k1η).

Compared to the Perry-Towsend model, two new scalesδ∞ andδ∗ are introduced to bound the new wavenumber range
which must grow as the positiony whereE11(k1, y) is evaluated approaches the wall and distances itself from the centre
of the pipe withinδν ≪ y ≪ δ. As δ∞/δ∗ must depend ony+ = y/δν andReτ a plausible functional dependence is

δ∞/δ∗ ≈ A (y/δ)−pRe−q
τ ≈ A (y+)

−p
Re p−q

τ (1)

whereA is a dimensionless constant and where the physics imposep, q > 0 andp > q. Matching the energy spectral
forms at the two bounds of our new range and assuming again a power law form forδ∗/δ = B(y/δ)αReβτ , an integration
of E11(k1) yields

1

2
u′2(y)/u2

τ ≈ Cs0 − Cs1 ln(δ/y)− Cs2 (y/δ)
p(1−m)Re q(1−m)

τ (2)

in δν ≪ y < y∗ whereCs0 is a weak function ofReτ , Cs1 andCs2 are independent ofReτ and the upper boundy∗ is
deduced from a viability requirement of our four-range spectra. Our model recovers the original Twonsend-Perry formula
but only in the rangey∗ < y ≪ δ. In Fig. 1 we show the result of the fit against the NSTAP superpipe data of the
Townsend-Perry formula

1

2
u′2(y)/u2

τ ≈ C0 + C0 ln(δ/y) (3)

in the rangey∗ < y ≪ δ and our new formula (2) inδν ≪ y < y∗. Note the gradual development asReτ increases
of the peak of turbulence intensity inside the intermediateregionδν ≪ y < y∗. The position of this peak (ypeak) which
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Figure 1. Plots ofu′2(y)/u2
τ versusy+ (left) andy/δ (right) obtained from the NSTAP Superpipe data of [3, 4] for differentvalues

of Reτ . The circles are calculated for all Reynolds numbers from equations (3) and (2) withy∗ = δA1/pRe
−q/p
τ andA = 0.2,

C0 = 1.28, m = 0.37, q = 0.79, p = 2.38 andα = 1.21.
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Figure 2. (Left) Normalised integral scalesL11/δ obtained from NSTAP Superpipe energy spectra plotted versusy/δ for various
Reynolds numbers. Also plotted are the Townsend-Perry and our modified model’s prediction forL11/δ. (Right) Linear-logarithmic
plot of (1− y/δ − du+

dy+ ) du+

d ln y+ versusy/ypeak for the largest values ofReτ obtained from the NSTAP Superpipe mean flow data

starts appearing atReτ values larger than about 20,000 evolves, according to our model with the fitted parameters, as
ypeak/δν ≈ 0.23Re0.67τ . This means, as observed in Fig. 1, thatypeak/δ decreases andypeak/δν increases withReτ as
indeed observed. This modified model leads to a power law dependence iny of the integral scale fory < y∗ which is
in better agreement with observations and with the NSTAP superpipe data than the original Townsend-Perry logarithmic
dependence (see Fig. 2).

Moreover, the very highReτ Princeton Superpipe data used here support the view of [1] that it is the eddy turnover time
τ ≡ E/ǫ (E is the total TKE andǫ its dissipation) that is independent ofν andδ in the rangeδν ≪ y ≪ δ rather than
the mean flow gradient. This impliesτ ∼ y/uτ in that range, a relation which can serve as a unifying principle across
Reynolds numbers in turbulent pipe/channel flows. Assuminga production-dissipation balance inyPǫ < y ≪ δ (where
yPǫ is smaller thanypeak), a profile forE+ similar to that ofu′2/u2

τ and−〈u′v′〉 ≈ u2
τ , it follows that du+

d ln y+ (i) has an

outer peak at the same positiony = ypeak whereu′2/u2
τ has an outer peak, and (ii) decreases with distance from the wall

as a function ofln(δ/y) wherey∗ < y ≪ δ. As seen in Fig. 2, both results are supported by the NSTAP data.
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